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This paper proves that if eternal neutral black holes satisfy some general conditions and matter
fields only appear in the outside of the Killing horizon, the strong energy condition is a sufficient
condition to insure that the vacuum Schwarzschild black hole has the fastest action growth of the
same total energy. This result is consistent with the bound of computational complexity growth
rate and gives a strong evidence for the holographic complexity-action conjecture.
I. INTRODUCTION
One exciting progress in quantum information theory
and gravity theory is the discovery of a connection be-
tween computational complexity and inner dynamic of an
asymptotic anti de-Sitter (AdS) black hole. The authors
in Refs. [1, 2] proposed a complexity-action (CA) conjec-
ture that the quantum complexity of a holographic state
is dual to the inner dynamic of a black hole. More de-
tailed, such conjecture can be is illustrated by the Fig. 1,
where time slices tL and tR on the AdS boundaries of an
eternal AdS-Schwarzschild black hole determine a partic-
ular quantum state [2, 3],
|ψ(tL, tR)〉 = e−i(HRtR+HLtL)|TFD〉 . (1)
Here |TFD〉 = Z−1/2∑α e−βEα/2|Eα〉|Eα〉 is the ther-
mofield double state.1 CA conjecture states that the
complexity of such particular state |ψ(tL, tR)〉 is given
by the on-shell action in the Wheeler-DeWitt (WDW)
patch,
C(|ψ(tL, tR)〉) := A
pi~
. (2)
Here A is the on-shell action of dual gravity theory (with
corresponding matter fields if dual boundary isn’t vac-
uum) in WDW patch. The WDW patch is the domain
of development of any spacelike slice which intersects
with the left boundary and right boundary at tL and
tR, e.g, see the Fig. 1 as an example. As the boundary of
WDW patch has some null fragments, the CA conjecture
faced obstacles on computing null boundary terms and
the joints between null boundary and other boundaries
when this conjecture was originally proposed. However,
this problem has been overcome recently by carefully an-
alyzing the variation problem involving null boundaries.
For more detailed, one can see Refs. [4].
Although it may not be the main motivation for the
authors in Refs. [1, 2], one beautiful result and strong ev-
idence to support CA conjecture is that it shows a new
world record for black hole: the fastest computer. Com-
plexity has two facets, information storage and informa-
tion processing. For the former one facet, Bekenstein [5]
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1 Note that with conventions in this paper, time on both sides of
Fig. 1 increases with the same direction.
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FIG. 1. The Penrose diagram for Schwarzschild AdS black
hole and the WDW patch. For given particular time slices
at the two boundaries tL and tR, the WDW patch is the
yellow region with its boundary, which is just the domain of
development of any spacelike slice which connects tL and tR.
has shown that black holes set a theoretical maximum
on information storage and no object stores more bits of
information than a black hole of the same size. For the
latter one, in the theory about computational complex-
ity, there is an upper bound for a system containing mass
M (with light speed c = 1) proposed by Refs. [6, 7],
dC
dt
≤ 2M
pi~
. (3)
The authors in Refs. [1, 2] checked it according to CA
conjecture by some black holes, and found that it was
saturated exactly for some black holes at the late time
limit (i.e., the limit of tL → ∞ or tR → ∞). In this
paper, the attention is concentrated on the bound equa-
tion (3) itself. By the combination of CA conjecture and
complexity growth rate bound, one may expect a new
universal bound in the gravity theory,
dA
dt
≤ 2M (4)
at least for stationary asymptotic AdS space-time at the
late time limit. The inequality (4) was born from the con-
siderations about quantum gravity and AdS/CFT corre-
spondence, but it only contains some quantities in the
classical gravity theory. As what we have seen that,
though the thermodynamical properties of black hole are
the results of quantum aspects of gravity, they can obtain
very strict proofs in classical general relativity. One may
naturally ask that if such thing can happen for the bound
equation (4). As both sides of inequality (4) only involve
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2gravity quantities, it should be proven from the gravity
theory itself if the CA conjecture is correct. However,
there isn’t any strict discussion about it yet.
Though Ref. [2] gave the first example to check the in-
equality (4), where a static shell was added in the outer
region of horizon, it is too special to stand for general
cases. For an eternal black hole with other general con-
ditions, this paper will show that, if matter fields only
appear in the outside of the Killing horizon and satisfy
the strong energy condition, the inequality (4) is always
true at the late time limit and the vacuum Schwarzschild
black hole can saturate inequality (4).
II. CONDITIONS FOR MATTER FIELDS
Before we discuss what restrictions should be added
on the matter fields so that the inequality (4) can al-
ways be true, let’s first take some time to consider the
inequality (4) itself. For any two time slices at the left
and right boundaries respectively, the on-shell action in
the corresponding WDW patch is coordinately indepen-
dent, but its growth rate, the derivative with respective
to time, is coordinately dependent. For an eternal black
hole, as it has a Killing vector ξµ which is timelike at
the boundary, one physical feasible method to define the
left-hand of the inequality (4) is to demand that t is the
integral parameter of ξµ, i.e., (∂/∂t)µ = ξµ. Such defi-
nition about the time derivative sets the left-hand of the
inequality (4) involving the choice of Killing vector ξµ.
On the other hand, the right-hand of the inequality (4)
involves the the mass of a black hole, which is also coor-
dinately dependent and has several different definitions
in the asymptotic AdS space-time such as ADM mass
[8], Misner-Sharp mass [9], Komar mass [10], quasilocal
energy [11] and so on. Even in the static spherical case,
if some matter fields appear, different mass definitions
may give different results. In the isolated asymptotic
AdS black hole, which means that the energy momen-
tum tensor field Tµν satisfies |r3Tµν | < ∞, the metric
can always have the following form,
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2k (5)
with f(r) = k+ r2/`2AdS−2f0/r+O(1/r2). Here r is the
radius coordinate, `AdS is the AdS radius, k = 0,±1 and
dΩ2k is the line element in the dual boundary. Thus, all
the physical acceptable definitions about mass (or mass
density) should give M = f0. One candidate to compute
the mass in the inequality (4) in this case is the Komar
mass. For any three dimensional hypersurface Σ, which
can be spacelike, timelike or mixed with these two cases,
with its boundary S, one can define the Komar mass on
it as follws [12, 13],
m = − 1
8pi
∮
S
(
∇µξν − 3
`2AdS
ωµν
)
dSµν
= 2
∫
Σ
(Tµν − 1
2
Tgµν)n
µξνdV .
(6)
Here dSµν is the directed surface element and ω
µν is the
Killing potential satisfied ξµ = ∇νωνµ. nµ is the unit
normal vector field for Σ and dV is volume element of Σ.
nµ is future directed if it is timelike and inward directed
if it is spacelike. The Killing potential isn’t unique, but
different choices can give the same integration result [13].
The total energy for the system is M = m(S →∞).2
Let’s begin the discussion from very simple case, where
the space-time has spherical symmetry and matter fields
only distribute outside of the horizon. The metric for
spherical static space-time can be written as the following
form,
ds2 = −f(r)e−χ(r)dt2 + f(r)−1dr2 + r2dΩ2. (7)
Here f(r) is positive when r > rh and negative when
r < rh. A horizon locates at r = rh.
To warm up, let’s first review the discussions shown
by Adam R. Brown et al. in Refs. [1, 2] by adding
a static shell at r = r0, which is considered as a very
important evidence for CA conjecture. Suppose that the
shell carries some mass so that we have the following
solution for metric,
f(r) = 1 + r2/`AdS − 2[M0 + δMΘ(r − r0)]/r,
χ(r) = χ˜−Θ(r − r0)χ˜ .
(8)
with χ˜ = − [ln f(r)]r0 . Here the notation [X]r0 stands
for X(r+0 ) − X(r−0 ) and Θ(r − r0) is the step function.
Then the total mass is M = M0 + δM . Based on the
discussions in Ref. [1], one can find the action growth
rate is,
dA
dt
= 2e−χ˜/2M0 = 2mH . (9)
Here mH is the Komar mass at the horizon. Brown et
al. argued that dAdt < 2M by implying an assumption
δM > 0 [1, 2]. Though this assumption is very physically
believable, it is still a restriction on matters. Once we no
longer impose this assumption, for example, by setting
δM < 0, then we find that inequality (4) is violated.
In fact, even keeping the energy density of the matter
positive, the violation can still appear. To see this, let’s
consider the case that there is a nonzero energy momen-
tum tensor field Tµν at the region of r˜ > r0, and it is
found that,
m(r˜) = mH + 2
∫
Σ(r0<r<r˜)
(Tµν − 1
2
Tgµν)n
µξνdV . (10)
2 If the consideration is restricted in the framework of AdS/CFT
correspondence, then there is a special notion of time and energy
that can be computed in terms of the boundary Hamiltonian with
respect to this time. For the static asymptotic isolated case, this
special time is just the integral parameter of ξµ and the energy
is as the same as m(S → ∞). However, in this paper, ξµ is a
general Killing vector field which is timelike at the boundary.
3with nµ = ξµ/
√−ξαξα. According to a similar argu-
ment about Eq. (9), we can find that the action growth
rate is expressed as the same as Eq. (9). In some re-
gion of Σ where the pressure is too negative so that
(Tµν − 12Tgµν)ξµξν < 0, then one may obtain M =
m(∞) < mH . In this case, one can find that the in-
equality (4) is broken. In order to insure the inequality
(4), we need that M ≥ mH . This leads to,∫
Σ(r>r0)
(Tµν − 1
2
Tgµν)ξ
µξνdV ≥ 0 (11)
for timelike Killing vector field ξµ. One sufficient condi-
tion to insure the inequality (11) is “strong energy condi-
tion”. The strong energy condition is the sufficient con-
dition for the inequality (11) because of two points: (1)
the strong energy condition is a local energy condition
and leads to (Tµν − 12Tgµν)ξµξν ≥ 0 holes at every point
in the outside of the horizon but the inequality (11) is
about the integration of (Tµν − 12Tgµν)ξµξν and (2) the
strong energy condition will lead the inequality (11) hold-
ing for any time like vector field ξµ rather than only for
timelike Killing vector fields. It is easy to see that the
saturation appears when (Tµν − 12Tgµν)ξµξν = 0 for the
timelike Killing vector field ξµ. This means that the vac-
uum Schwarzschild black hole is one which can saturate
the inequality (4) for the given mass M in spherical static
systems.
III. GENERAL CASES
After giving a sufficient condition to insure the in-
equality (4) in the spherical case, let’s consider general
static asymptotic AdS4 black holes, where the matter
fields still distribute in the outside of the outmost non-
degenerated Killing horizon (the definition of “outmost
non-degenerated Killing horizon” will be clarified later
on), but the space-time is a lack of symmetry. Now as
the geometry behind the horizon may be very arbitrary,
the causal property and topology of singularity are free.
This leads to the fact that the definition of the WDW-
patch and calculation about action in it are ambiguous
as they strongly depend on the casual structure of space-
time. In order to prove the inequality (4), let’s first dis-
cuss the properties of the Killing horizon and singular-
ities of space-time (after maximum extension) and then
introduce some assumptions.
LetM stand for a static maximal extension asymptotic
AdS space-time with a Killing vector field ξµ = (∂/∂t)µ
which is timelike at the AdS boundaries BL and BR.
The boundaries BL and BR are not in the real space-
time, but here they are added into M for convenience.
As the space-time is static, a set of hypersurfaces is the
Killing horizon corresponding to ξµ if and only if ξµξµ
is zero on it. In following, when we say “Killing hori-
zon,” it always means the Killing horizon corresponding
to ξµ = (∂/∂t)µ. Take K = {H1, H2, · · · }, where Hi is
one nondegenerated connected branch of the Killing hori-
zon. Here “nondegenerated” means the square of Killing
vector ξ2 has different signs in the two sides of Hi. As
the space-time is static, Hi is a bifurcated Killing horizon
and does not contain future and pass endpoints. For a
space-time, there may be no Killing horizon so K = ∅.
Even in the cases that M contains the Killing horizon,
K can still be empty set if every branch of the Killing
horizon is degenerated. A branch in K is called outmost
nondegenerated Killing horizon (ONKH) if and only if all
future and past null geodesics coming from BL and BR
can reach it without touching any other branches of K.
And a branch in K is called sub-outmost nondegenerated
Killing horizon (sub-ONKH) if and only if all future and
past null geodesics coming from BL and BR can reach it
and except for the ONKH they do not touch any other
branches of K.
For a general space-time, the K may be nonempty but
it does not contain the ONKH or sub-ONKH. For exam-
ple, if we add some matter fields in the outside of the
Killing horizon for Schwarzschild AdS black hole, then a
new singularity may appear without adding new Killing
horizon or causing any effect on the original Killing hori-
zon. Then some null geodesics coming from the boundary
cannot reach the Killing horizon. For the cases that the
Killing horizon has very complicated geometrical struc-
ture, it is possible that some null geodesics will first
meet a branch but some others will first meet the other
branches. Assume Ho and Hsub-o stand for the ONKH
and sub-ONKH. Now let’s introduce an assumption on
K:
if K 6= ∅, then Ho ∈ K and {Ho} ( K only when
Hsub-o ∈ K.
This assumption shows that if there is a nondegener-
ated Killing horizon then all the singularities hide be-
hind the ONKH or sub-ONKH. It also means that the
causal structures in the outside of ONKH is trivial, i.e.,
the space-time in this region is regular and ξµ is always
timelike except for some regular zero measurement sur-
faces (the degenerated Killing horizons).
In the following, it will be shown that the inequality
(4) is always true in a general static black hole when (i)
matter fields appear in the outside of ONKH and satisfy
strong energy condition, and (ii) the black hole satisfies
one of following four conditions:3
(a) K = ∅ and the total mass M ≥ 0;
(b1) K = {Ho} and ξµ becomes null in the singularities
(in the sense of limit) and M ≥ 0;
(b2) K = {Ho} and the union of singularities has R×S2
topology and ξµξµ 6= 0 in it (in the sense of limit);
(c) Hsub-o ∈ K and total mass M ≥ 0.
3 There is a possibility that K = {Ho} and space-time has no
singularity. We don’t consider this case as such space-time is not
a black hole.
4Before we give the proofs, it is worth explaining a few
things. A static space-time which satisfies the condi-
tion on K has only three cases: K = ∅, K = {Ho} and
Hsub-o ∈ K. For the static space-time, there are some
black holes which may have apparent horizon, Killing
horizon or event horizon but have no any nondegener-
ated Killing horizon. Such cases can satisfy the case (a).
It will be shown later that the condition ξ2 = 0 at the
singularity implies that the singularity is null in the case
(b1). The case (b2) does not need the total mass M
is non-negative. In the case (b2), though the topology
of the singularities is R × S2, the topology of the whole
space-time may not be R× S2. This is because that the
space-time in the outside of ONKH is static and only the
inner region of ONKH contributes on the action growth
rate. In the statement of case (b2), it does not explicitly
demand the singularities are spacelike, timelike or null,
however, we will see that the case (b2) leads that the
singularities can only be spacelike. ξ2 in the statement
(b2) is nonzero, because if ξ2 is zero then this case is be-
long to case (b1). In the case (b1) and (c), there is not
any special demand on the singularity. We will see later
that this is because the WDW patch will not touch the
singularities.
In the case (a), as the whole space-time is static ex-
cept for some zero measurement null hypersurface, action
growth rate is zero and bound inequality (4) is correct.
As the most complicated case is (b2), Let’s first give the
proof for case (b2) and then give the proofs for cases (b1)
and (c).
A. Proof for case (b2)
As the same as previous discussions, the action growths
in the outside of ONKH are canceled with each others.
Let Ain,bulk, Ain,bd and Ain,joint stands for the three dif-
ferent kinds of contributions in the region behind the
ONKH, i.e., the contributions from the bulk integration,
the boundary term and the joint term respectively. Then
we can find,
dA
dt
=
d
dt
Ain,bulk + d
dt
Ain,bd + d
dt
Ain,joint . (12)
The suitable boundary term and joint term have been
discussed and given in Refs. [4, 14].
1. Bulk contribution
Let’s first consider the bulk term. By using Einstein’s
equation, we can prove that the action growth coming
from the bulk integration can be converted into following
integration (see appendix A),
d
dt
Ain,bulk = − 3
8pi`2AdS
∫
Σ′
√
ξµξµdV . (13)
rS
t
FIG. 2. The 2+1 decomposition of Σt near the singularity.
The red circles stands for the surfaces Ψ = r and the red
dashed circle stand for the singulary Ψ = 0.
Here Σ′ stands for the timelike 3-hypersurface in inner
region of ONKH, which is orthogonal to ξµ and connects
the ONKH and singularity (see Fig. (3)).
2. Contribution of singularities
Based on the results in Ref. [4], the only boundary term
comes from the singularity.4 Now let’s try to find such
contribution. As Killing vector ξµ is hyperorthogonal,
near the singularity we can always find a coordinate {t, ~x}
such that the metric has following form,
ds2 = N2(~x)dt2 + ds2Σt . (14)
where Σt is the timelike 3-surface which is orthogonal
to ξµ. The unit normal of Σt then is n
µ = ξµ/N with
N =
√
ξµξµ. ds
2
Σt
is the induced line element on Σt,
which is independent of the coordinate t. The collection
of all the singularities in a maximal extension space-time
are some 3 dimensional hypersurfaces in general. We can
find a function Ψ(t, ~x) = 0 to describe the positions of
these singularities. As the metric components are inde-
pendent of t, we find Ψ(t, ~x) = Ψ(~x), which gives two-
dimensional surfaces in the submanifold Σt. As the topol-
ogy of singularities is R × S2, these singular 2-surfaces
must be connected and topology homomorphism to a
unit sphere, otherwise, the topology of singularities isn’t
R× S2.
Let’s first assume the singularities are non-null. It
will shown later that null singularity cannot appear in
the case (b2). As shown in the Fig. 2, S0 is the singu-
lar 2 dimensional surface, which is spacelike or timelike.
Then we decompose Σt by a series closed 2-surfaces {Sr}
with r ≥ 0 and every 2-surface Sr is given by a func-
tion Ψ(~x) = r. One can build a local coordinate on every
closed 2-surface by spherical coordinate {θ, φ}. This gives
4 The null boundary term used in Ref. [4] depends on the choices
of parametrization on bull boundary. Ref. [4] also advises adding
an additional null boundary term to eliminate this dependence.
However, this additional null boundary term has no contribution
on the action at the late time limit.
5a 2+1 decomposition on Σt by coordinate {r, θ, φ} and
the line element can be written as,
ds2Σt = −εF 2dr2 + hAB(dxA + lAdr)(dxB + lBdr) (15)
with A,B = 1 or 2 and ε ≡ ±1. When the singularity is
spacelike, ε = 1, otherwise ε = −1. F, hAB and lA are all
the function of ~x. The singularity happens at r = 0. By
the gauge freedom, we can choose that lA = 0 and F =
1. This gauge can be obtained by use Gaussian normal
coordinate system. Now in the coordinate {t, r, θ, φ}, the
line element near the singularity can be written as,
ds2 = −εdr2 +N2dt2 + hABdxAdxB . (16)
At the boundary r =  → 0, as it is non-null,
the boundary term is just the Gibbosn-Hawking-York
(GHK)term− ε8pi
∫
KdV , where K is the trace of extrinsic
curvature of the non-null hypersurface. In order to com-
pute the such contribution, one can use 3-surface r = 
to warp up the singularity and compute the GHK term
at this boundary. After some computations, one can find
that,
d
dt
Ain,bd(r) = ε
8pi
∮
∂r(N
√
|h|)d2x. (17)
We can compare it with Komar mass contained in the
surface r = , which is,
m =
−ε
8pi
∮
∂rN
2
N
√
|h|d2x− 3
4pi`2AdS
∫
Σr<
N
√
|h|drd2x.
(18)
Here Σ(r<) stands for the inner region bounded by r = 
surface in Σt. The details about Eqs. (17) and (18) can
be found in appendix B. As the matter fields only appear
the outside of Ho, the formula (6) shows the Komar mass
contained in the singularity equals to the mass contained
in Ho, i.e., m(r → 0) = mH . By some algebras, we can
get,
d
dt
Ain,bd(r)− 3
2
mH − 9
8pi`2AdS
∫
Σr<
N
√
|h|drd2x
=
1
8pi
∮
[2ε
√
|h|∂rN2 + εN2∂r
√
|h|]N−1d2x .
(19)
Now we need to know the asymptotic behaviors of func-
tion N and metric hAB when r → 0.
When r → 0, the leading terms of N and metric
hAB can be written as N = r
pt
√
f1(θ, φ) and hAB =
r2pAB h˜AB(θ, φ) (no summation) with smooth functions
f1 and h˜AB .
5 As the surface r =constant in Σt is topo-
logical homeomorphism to a unit sphere, its scalar cur-
vature R(2) satisfies that ∮ R(2)√|h|d2x = 8pi for any
5 Here it is assumed that pt and pAB are independent of θ and φ
but may be the functions of r.
nonzero r. One can check that this leads that pAB = p0
and leading term of the line element (16) can be written
as,
ds2 = −εdr2 + r2ptf1(θ, φ)dt2 + r2p0f2(θ, φ)dΩ2 (20)
for some suitable coordinate {θ, φ} and smooth function
f2(θ, φ). As the line element is Lorentzian, the sign
ε = 1. This means that singularities cannot be time-
like. Now take this metric into Einstein’s equation, one
can find that the system can self-consistent only when
f1(θ, φ) =constant and p0 = 2/3, pt = −1/3. Then we
obtain that,
d
dt
Ain,bd = 3
2
mH . (21)
For details, one can see appendix C. One interesting thing
is that the metric (20) is similar to the form of generical
Kasner’s metric [15, 16] and the indexs p0 and pt satisfy
the Kasner’s relationships 2p0 + pt = 2p
2
0 + p
2
t = 1.
Now let’s show that the null singularity cannot appear
in the case (b2). Let S0 stand for the union of all singu-
lar 3-dimensional surfaces and take ψt to be the tangent
map generated by Killing vector ξµ. As ξµ is a Killing
vector field, ψt[S0] must be also some null singular 3-
dimensional surfaces and ψt[S0] ⊆ S0. This means that
ψt is a differential homeomorphic map from S0 into itself,
so ξµ is tangent to S0. In this case, the coordinate line
t lays on the null singular surface S0. Assume {t, x1, x2}
to be a local coordinate on S0, which dose not need to
cover the whole region of S0. As there is time reversal
symmetry, the induced metric on S0 has following form,
ds2S0 = N
2dt2 + σABdx
AdxB . (22)
Here σ is only the function of {x1, x2} and N 6= 0 ac-
cording to the condition in case (b2). As S0 is null, the
determinant of this metric is zero, i.e., det[σAB ] = 0. Let
Σt be the hypersurface of fixed time t in S0, then the
induced metric is,
ds2Ξt = σABdx
AdxB . (23)
As the topology of S0 isR×S2, Ξt must have topology S2.
However, any manifold which has topology of S2 must
be conformal to unit sphere locally, so Ξt is spacelike
and det[σAB ] > 0. This is self-contradiction and so the
singular surfaces cannot be null in the case (b2).
3. Contributions of joints
Now let’s consider the contribute from joint term. For
the case (b2), only the joint term which is formed by two
past null sheets coming from time slices tR and tL has
contribution on the action growth. Let two intersecting
past null surfaces be characterized by two scalar fields
v, u such that v =constant and u =constant respectively
(see Fig. 3). Assume kα = −c(dv)α and k¯α = c¯(du)α
6k

H
S
FIG. 3. The joint terms in the WDW patch. H+ and H−
stand for future ONKH and past ONKH, respectively. kµ
is affinely parameterized normal vector field of null surfaces
characterized by v =costant. k¯µ is affinely parameterized nor-
mal vector field of null surfaces characterized by u =constant.
B(t) is the joint at the time tL = t and the flow B(0) 7→ B(t)
is generated by vector field ζµ. The surface u =costant is
fixed but the surface v =constant evolves with time t. At the
late time limit, the suface u =costant coincidents with H−.
Hypersurface Σ′ stands for the timelike 3-surface in inner re-
gion of ONKH, which is orthogonal to ξµ and intersects with
H± at SH+ .
to be the two affinely parameterized dual normal vectors
for them. Here c and c¯ are arbitrary positive constants.
For given fixed right time tR, the null sheet characterized
by u =constant will be fixed. The null sheets given by
v =constant will evolve with time tL. For a specified
initial time tL = 0, let’s assume the joint locates at B(0).
Then for any time tL = t, the joint will locates at B(t).
With increasing the time tL, the joint B(t) will flow along
the null surface characterized by u =constant. The late
time limit means that tR →∞ and u =constant surface
will meet the one branch of bifurcated Killing horizon.
Based on the results in Ref. [4], the contribution from
the joint terms can be expressed as,
d
dt
Ain,joint = 1
8pi
d
dt
∮
B(t)
adS =
1
8pi
∮
B(t)
Lζ(adS) .
(24)
Here dS is the area element on B(t), a = ln(−k¯µkµ/2)
and ζµ is the generator of flow B(0) 7→ B(t), Lζ is the
Lie derivative operator with respective to vector field ζµ.
First we see that,
k¯αLζkα = −ck¯αLζ(dv)α = −ck¯α(dLζv)α
= −ck¯α∂α(ζµ∂µv) = −cLk¯(ζµ∂µv) .
(25)
On then other hand, at the late time limit, the flow is
tangent to H− and ζµ
.
= ξµ as H− is a Killing horizon.
Here the notation
.
= means that equality is correct only
when the joint B(t) approaches to the Killing horizon H±
infinitely. At the Killing horizon H±, we can find that
∃κ± such that ξµ∇µξν .= κ±ξν and k¯µ .= e−Γξµ with
LξΓ .= κ±. Then one can prove that,
Lk¯(ζµ∂µv) .= e−ΓLξ(ζµ∂µv) = 0, and LζdS .= 0. (26)
as ξµ is a Killing vector and
kµLζ k¯µ .= kµLξ(e−Γξµ) .= −κ−k¯µkµ. (27)
The first equality sign is because that ζµ and k¯µ are both
tangent to H−. Now one can take (26) and (27) into (24)
and find,
d
dt
Ain,joint = − 1
8pi
d
dt
∮
B(t)
κ−dS (28)
in the late time limit. On the other hand, one can easy
show that the Komar mass contained in the Killing hori-
zon H+ is,
m(H+) =
1
4pi
d
dt
∮
SH+
κ+dS +
3
4pi`2AdS
∫
Σ′
ξµdVµ . (29)
Here dVµ = −ξµ/
√
ξµξµdV . Combine the Eqs. (28),(29)
and note κ− = −κ+ as these is a bifurcate Killing hori-
zon and SH+ is associated with B(t) by time translation
generated by ξµat the late time limit, we can obtain that,
d
dt
Ain,joint = 1
2
mH +
3
8pi`2AdS
∫
Σ′
√
ξµξµdV . (30)
After combining the expressions (13),(21) and (30), we
can obtain
dA
dt
=
d
dt
Ain,bulk + d
dt
Ain,bd + d
dt
Ain,joint = 2mH . (31)
As condition (11) leads toM ≥ mH , one can immediately
reach the expected inequality (4) and saturation appears
when (Tµν− 12Tgµν)ξµξν = 0. The vacuum Schwarzschild
black hole satisfies this condition, so it is one case which
can saturate the bound (4).
B. Proof for cases (b1) and (c)
Let’s consider the cases (b1) and (c). For the case (b1),
as ξµ must be tangent to the singularity, we can also
build a local coordinate on the singularity and introduce
the induced metric as the same as the form shown in the
Eq. (22). Then the condition ξ2 = 0 means N = 0, so the
metric on the singularity is degenerated and this singular
surface must be null. Similar to the case (b2), the action
in the outside of the ONKH has no contribution on action
growth in cases (b1) and (c). It is different from the case
(b2) that the WDW patches in these two cases will not
touch the singularities. This leads that there is no any
boundary term need to be compute when we compute
the action growth at the late time limit. Instead, a new
additional null-null joint term will appear, which comes
from intersection of two the future null sheets in the inner
region of the ONKH, see the Figs. 4 and 5 for examples.
Let Ain,bulk, Ain,joint,F and Ain,joint,P stand for the con-
tributions coming from the bulk integration, the joint
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FIG. 4. An example of WDW patch in a black hole with mul-
tiple nondegenerated Killing horizons. For given particular
time-slices tL and tR at the two boundaries, the WDW patch
is the yellow region with its boundary. H1 is the ONKH and
H2 is the sub-ONKH. The codimension-2 surfaces P and F
are the joints of two past and future null sheets coming from
the boundary slices tL and tR, respectively. At the late time
limit tR →∞, the null sheet from tR to P will coincide with
one branch of the ONKH and the null sheet from the tR to F
will coincide with one branch of the sub-ONKH.
tL
tR
H
P
F
FIG. 5. An example of WDW patch in a black hole with only
one bifurcate Killing horizon and null singularity. For given
particular time-slices tL and tR at the two boundaries, the
WDW patch is the yellow region with its boundary. H is the
ONKH. The codimension-2 surfaces P and F are the joints
of two past and future null sheets coming from the boundary
slices tL and tR, respectively. At the late time limit tR →∞,
the null sheet from tR to P will coincide with one branch of
the ONKH and the null sheet from the tR to F will coincide
with the null singularity.
term of past null sheets and the joint term of the future
null sheets respectively. Then we can find,
dA
dt
=
d
dt
Ain,bulk + d
dt
Ain,joint,P + d
dt
Ain,joint,F . (32)
Let’s first consider the case (c). Similar to the case (b2),
we can find that,
d
dt
Ain,bulk = − 3
8pi`2AdS
∫
Ξ
√
ξµξµdV . (33)
Here Ξ is the timelike hypersurface which is orthogonal
to ξµ, and Ξ connects the ONKH and the sub-ONKH.
Repeat the similar process from the Eq. (24) to Eq. (30),
we can compute the contribution of joint forming by the
future and past null sheets respectively. Then we can
find,
d
dt
Ain,joint,P+ d
dt
Ain,joint,F = mH |12+
3
8pi`2AdS
∫
Ξ
√
ξµξµdV .
(34)
Here mH |12 := mH |H1 − mH |H2 . As the spacetime in
between H1 and H2 is vacuum, we see mH |H1 = mH |H2 .
By the strong energy condition and the condition M ≥ 0,
we see,
dA
dt
= 0 ≤ 2M. (35)
Hence, the bound equation is satisfied.
For the case (b1), though the null singularity replaces
the sub-ONKH, the computation about the joint term at
the joint P can still be used into the joint term in F .
This is because that the null singularity is also a Killing
horizon if we add such null surface into the space-time
and we don’t need to really touch the null singular surface
when we compute the joint F . This shows that we still
can obtain the Eq. (35) and the growth bound is still
correct for the case (b1).
IV. CONCLUSION AND DISCUSSION
To conclude, this paper studies a new universal in-
equality about the action growth rate in eternal black
holes. For the cases that matter fields are restricted in
the outside of horizons and decay rapidly near the AdS
boundary, it shows that strong energy condition is a suf-
ficient condition to insure the bound inequality (4) and
vacuum black hole is one (not the only one) of which have
fastest computational complexity growth if the space-
time satisfies some general conditions. Although the in-
equality is proposed by the consideration of CA conjec-
ture, the proof of it in this paper doesn’t rely on the
correctness of CA conjecture and holographic duality.
The proofs here don’t involve the details of matter fields,
however, some strong conditions are still involved. Let’s
make some discussions on possibility of weakening these
requirements.
Two strong requirements are that the space-time
should be static and matter fields appear in the outside
of ONKH. The main reason for these conditions is that
by them we can convert the action growth rate bound
inequality into a geometrical formulation. For the cases
that space-time does not contain timelike (at the bound-
ary) Killing vector field or matter fields can extend into
the inner region of ONKH, the action of matter fields
has contributions on the total action growth rate. As
the result, we also have to compute the bulk integration
for matter Lagrangian which in general cases cannot be
8written as any geometrical formulation and energy condi-
tion can not give enough restriction to insure the action
growth rate bound. For example, in the static space-time
which satisfies the case (b2) but matter field only appear
in the inner region of ONKH, then in the Eq. (12), the
bulk term should be replaced by
d
dt
Abd = 1
16pi
∫
Σ′
(
Lm − T
2
− 6
`2AdS
)√
ξµξµdV . (36)
Here Lm is the Lagrangian of matter fields. Strong en-
ergy condition cannot give the enough restriction on the
integration about Lm − T/2, so the action growth rate
bound can be break if we choose Lm suitably.
However, it still has possibility to weaken the static
space-time into only stationary space-time. The most
important example is the vacuum rotational black hole.
For the vacuum axisymmetric rotational black, the met-
ric can be given by Kerr-AdS solution, and the action
growth rate has been given by the Ref. [17] for 4 dimen-
sional case. It turns out that the action growth rate can
be expressed as,
dA
dt
= [M − Ω(r)J ]|r+r− . (37)
Here M is the total energy, J is the total angular mo-
mentum and Ω(r) is the angular velocity. r± means the
outer and inner event horizons. The expression (37) is
also correct for BTZ black hole. After some algebras,
one can directly check that dA/dt < 2M , so the bound
equation Eq. (4) is still correct. This means if the rota-
tional black hole is a Kerr-AdS4 black hole, the action
growth rate bound is also true. In fact, a similar result
can be obtained for all single parameter Kerr-AdSd black
holes when dimension d ≥ 3 [18]. By some algebras, one
can show that we still have dA/dt < 2M . However, it
is not clear if the bound inequality is still correct for
multiple axes Kerr-AdS black holes in the higher dimen-
sion cases. This is also an interesting problem and worth
to studying in the future. If the rotational black hole
doesn’t have axisymmetry or some general matter field
appears, it’s not very clear about the structures of the
horizons and the property of the singularities. It is im-
portant and interesting to study if the inequality (4) can
obtain a general proof under some universal conditions
in this case.
The other reason that the matter fields are restricted
outside is that if some general matter fields can extend
into the inner region of the black hole, then the matters
may touch the singularity and may lead some divergences
in the action of matter fields. At present, it’s not clear
that if the on-shell action has a finite value when some
general matter fields touch the singularity. However, for
some special matter fields which have clear Lagrangian
and the systems have good symmetries such as spheri-
cal or planar symmetry, the action growth rates can be
compute directly by analytical or numerical solutions.
For example, RN-AdSd black hole has been studied by
Refs. [1, 2, 4, 17] and is found that,
dA
dt
= [M − µ(r)Q]|r+r− . (38)
Here M is the total energy, Q is the total charge and
µ(r) is the chemical potential. r± means the outer and
inner event horizons. After some algebras, one can also
check that Eq. (38) satisfies the bound Eq. (4) in any
dimension which is larger than 2. It is also very inter-
esting to check other special matter fields such scalar
field, SU(N) field, p-form field and so on. One recent
work about this problem is Ref. [19], which considers
two non-trivial matter fields which extend into the hori-
zon. One is the charged dilaton field and the other is
the Born-Infeld field. Ref. [19] finds the action growth
rate bound is still satisfied. An other interesting thing
in Ref. [19] is that it considers a phantom Maxwell field,
which breaks the strong energy condition and also breaks
the action growth rate bound as expected. Then the re-
sults in Ref. [19] seems to show that even in the case
that matter field can extend into the horizon, the action
growth rate bound Eq. (4) is still correct for large classes
of physical interesting matter fields and strong energy
condition still plays important role. Overall, in very gen-
eral cases that the systems are lack of symmetries, it’s
not clear if the action growth rate at the late time limit
is well defined when matter fields extend into the hori-
zon. This makes this paper to restrict the matter fields
outside.
The condition on the Killing horizon, i.e., the condi-
tion on K, though it is not satisfied for all the space-time,
it can cover the most of interesting cases in physics. This
condition simplifies the topology of WDW patch. Under
this restriction, the space-time has three cases: K = ∅,
K = {Ho} and {Ho, Hsub-o} ⊂ K. The cases K = ∅
and {Ho, Hsub-o} ⊂ K has been covered by the cases (a)
and (c) in the section III. The special interesting should
be paid to the conditions on the cases (b2). Because of
the restriction of topology, the conditions (b1)and (b2)
cannot covered all the cases of K = {Ho}. For exam-
ple, the planar and hyperbolic AdS black are belong to
the case K = {Ho} but not covered by conditions (b1)
and (b2). However, by the discussions about spherical
Schwarzschild AdS black in the section II, one can easy
see that the action growth rate bound is still correct for
these two cases if they are static and matter field only
appear in the outside of the horizon. It is very interesting
to study if we can find the proof which can cover all the
cases of K = {Ho} in the future study. In the cases(a),
(b1) and (c), the additional condition M ≥ 0 cannot be
obtained only by strong energy condition. One can use
dominant energy condition to replace it. In the cases (a),
(b1) and (c), the requirement M ≥ 0 is necessary. If the
total mass M < 0, the action growth rate bound will be
broken.
This paper focused on the four dimensional black holes,
but the method can also be generalized into other dimen-
sions. The assumption on K can obtain well meaning for
9any dimensional black hole. Then the discussion for the
cases (a), (b1) and (c) can directly be applied into these
dimensions. The proofs in the subsections III A 1 and
III A 3 have no any difficult when they are applied into
general higher dimensions. Then we can find that the
Eqs. (13) and (30) become,
d
dt
Ain,bulk = − (d− 1)(d− 2)
16pi`2AdS
∫
Σ′
√
ξµξµdV , (39)
and,
d
dt
Ain,joint = d− 3
d− 2mH +
(d− 1)(d− 2)
16pi`2AdS
∫
Σ′
√
ξµξµdV .
(40)
These show that for higher dimension black hole, if it
satisfies the conditions in the cases (b1) and (c), then the
action growth rate bound is still satisfied. The case (b2)
is the only one that should be considered specially. For
the case that dimension d > 4, the topology constraint
can be generalized as R×Sd−2. This makes the proof in
the subsection III A 2 is subtle. For the general dimension
d > 4, following the process from (14) to (19), we can
obtain that,
d
dt
Ain,bd(r)− d− 1
d− 2mH
=
1
8pi
∮
(
d− 2
d− 3
√
h∂rN
2 +N2∂r
√
h)N−1dd−2x
+
(d− 2)(d− 1)2
16pi`2AdS
∫
Σr<
N
√
hdrdd−2x .
(41)
For even dimension, we can use generalized Gauss-
Bonnet theorem to replace the topology constrain∮ R(2)√hd2x = 8pi and show that the leading term of
the metric in the vicinity of the singularity must have
following form,
ds2 = −dr2 + r2ptf1(~x)dt2 + r2p0 h˜AB(~x)dxAdxB . (42)
Here xA with A = 1, 2, . . . , d− 2 is the coordinate laying
on the singular surface. For the general dimension d > 4,
h˜AB(~x) is still smooth function of x
A. Then taking them
into Einstein’s equation and following the similar analysis
in the appendix C, one can finally find that pt = −(d −
3)/(d− 1) and p0 = 2/(d− 1). This leads,
d
dt
Ain,bd = d− 1
d− 2mH , (43)
so we still find that action growth rate is 2mH . This
shows that the case (b2) can insure the bound Eq. (4)
in higher even dimension. We also see that pt and p0
still satisfy the Kasner’s relationship: pt + (d − 2)p0 =
p2t + (d − 2)p20 = 1. However, for odd dimension, the
topology R × Sd−2 cannot give metric such as Eq. (42),
so the case (b2) cannot directly generalized into the odd
dimension. This is also a research direction in the future.
In this paper, we see that strong energy condition is
a sufficient condition, which is because what we need is
that the Komar mass at the AdS boundary is not less
than its value at the ONKH. Strong energy condition is a
sufficient condition. Can we weaken such condition? Es-
pecially, when we consider the facts that strong energy
condition contain the null energy condition and many
matter fields can break strong energy condition, it is very
interesting to investigate how to weaken this condition.
However, if we restrict the candidates only including four
local energy conditions which are strong, weak, null and
dominant energy conditions, then only strong energy con-
dition is the one which can insure the action growth rate
bound without adding more additional assumptions than
what we have done in the cases (a), (b1), (b2) and (c).
For example, for the case (b2), the action growth rate is
just 2mH . Then without additional assumptions on the
symmetry or matter fields, only strong energy condition
can insure the total mass M is not less than mH .
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Appendix A: Bulk integration term
In this appendix, I will show that the bulk integration
term in the action growth rate can be written into Eq.
(13). At the inner region of ONKH, as the matter fields
are zero, the bulk action of the system is,
Ain,bulk = 1
16pi
∫
V
(R+ 6/`2AdS)
√−gd4x
= − 3
8pi`2AdS
∫
V
√−gd4x .
(A1)
Here V is the inner region of Killing horizon, which is
given by ξ2 = ξµξµ > 0.
Firstly, we introduce a time orthogonal coordinate
{xµ} = {t, x1, x2, x3} so that the line element in the inner
region of ONKH is,
ds2 = gµνdx
µdxν = N2dt2 + γijdx
idxj . (A2)
Here N2 = ξµξµ, ξ
µ = (∂/∂t)µ and i, j = 1, 2, 3. In this
coordinate the right hand of Eq. (13) can be expressed
as,
3
8pi`2AdS
∫
Σ′
√
ξµξµdV =
3
8pi`2AdS
∫
ξ2>0
N
√−γd3x .
(A3)
But the coordinate {xµ} isn’t suitable to compute the
growth rate of Ain,bulk as the integration region is
bounded by null surfaces. In order to compute its value,
let’s introduce a null time coordinate u˜, which is given
by,
(du˜)µ = (dt)µ + Ji(dx
i)µ (A4)
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with three spatial functions Ji = Ji(~x) and
gµν(du˜)µ(du˜)ν = 0 . (A5)
Such null coordinate always exists. In general, a null time
coordinate u˜ can always be defined by,
du˜ = J0dt+ Jidx
i (A6)
with some functions J0, J1, J2 and J3. As the (∂/∂t)
µ is
Killing vector field, these four functions are all indepen-
dent of t. Then integrable condition d(du˜) = 0 shows
that,
∂iJ0 = 0, ∂iJl − ∂lJi = 0 . (A7)
This means that J0 is a constant so we can set J0 = 1 and
Ji = ∂iΦ(~x) for a scalar field Φ(~x). The null condition
shows,
1/N2 + γij∂iΦ∂jΦ = 0 . (A8)
Here γij is the inverse of γij . We see that the solution of
Eq. (A8) always exist and u˜ = t+ Φ(~x). We can choose
the sign of Φ(~x) so that u˜ =constnat gives the infalling
null surface.6
Now in the null coordinate {x˜µ} = {u˜, ~x}, the null
boundary of WDW patch in the inner region of ONKH
is just a u˜ =cosntant surface. The line element then is,
ds2 = g˜µνdx˜
µdx˜ν
= N2du˜2 − 2N2Jidxidu˜+ γ˜ijdxidxj .
(A9)
with γ˜ij = γij + N
2JiJj . One can directly check that
the determinant of metrics in the coordinates {t, ~x} and
{u˜, ~x} are the same , i.e., √−g˜ = √−g = N√−γ.
This result can also be obtained by following way. One
can first compute the inverse metric in the coordinate
{x˜µ} = {u˜, ~x} by coordinate transformation formula
g˜µν = (∂x˜µ/∂xα)(∂x˜ν/∂xβ)gαβ , which gives,
g˜00 = 1/N2 + γijJiJj , g˜
0i = γijJj , g˜
ij = γij . (A10)
Then using the formula dg˜/dJi = g˜g˜
µν(dg˜µν/dJi), one
can find that,
g˜−1
dg˜
dJi
= −g˜0iN2 + g˜ijJjN2 = 0 . (A11)
This equation means that g˜ is independent of Ji, so we
have g = g˜.
In the coordinate {u˜, ~x}, the variation of Ain,bulk from
the time t to t+δt equals to its variation from u˜ to u˜+δt,
i.e.,
δAin,bulk = − 3
8pi`2AdS
∫ u˜+δt
u˜
du˜
∫
ξ2>0
√
−g˜d3x . (A12)
6 If the (du)µ is the affine dual normal vector, i.e.,
gαβ(du)β∇α(du)µ = 0, then such scalar function u˜ is just the
scalar field u shown in the Fig. 3.
Then we obtain the action growth rate coming from the
inner bulk integration,
d
dt
Ain,bulk = − 3
8pi`2AdS
∫
ξ2>0
√
−g˜d3x
= − 3
8pi`2AdS
∫
ξ2>0
N
√−γd3x .
(A13)
By comparing the Eqs. (A13) and (A3), one can im-
mediately obtain the Eq. (13).
Appendix B: Boundary contribution near the
singularity
For the surface r =  near the singularity, the unit fu-
ture/outward directed normal vector is rµ = [0,−1, 0, 0],
so the trace of extrinsic curvature is,
K = ∇µrµ = − 1
N
√|h|∂r(N√|h|). (B1)
and the volume element dV = N
√|h|dtd2x. Then we
can get the action growth rate coming from the boundary
term, which is,
d
dt
Ain,bd(r) = ε
8pi
∮
∂r(N
√
|h|)d2x. (B2)
Before we give the details about Eq. (18), let’s first
clarify the convention of directed volume element and
surface element. In order to match the Komar mass
defined in Eq. (6), the direction for directed volume
dVν = nµdV is appointed as: nµ is future directed when
nµ is timelike and is inward directed when nµ is space-
like. By this convention for directed volume element, the
Gauss theorem for a surface integration is,
1
2
∮
∂Σ
FµνdSµν =
∫
Σ
∇µFµνdVν (B3)
for any antisymmetric tensor field Fµν . The directed
surface element is defined as dSµν = −2εn[µlν]dS. Here
dS =
√|h|d2x and lν is unit vector which is tangent to
Σ and normal to ∂Σ, and it is inward direction if it’s
spacelike and future directed if it’s timelike.7
The Komar mass contained by the surface of r =  is
expressed by following integration,
m(r) = − 1
8pi
∮
[
1
2
(dξ)µν − 3ωµν
`2AdS
]dSµν
= − 1
16pi
∮
(dξ)µνdS
µν +
3
4pi`2AdS
∫
Σ(r<)
ξµdVµ
(B4)
7 Another common direction appointment is that nµ is past di-
rected when nµ is timelike and nµ is outward directed when nµ
is spacelike. This lead to a “−” sign in the volume integration
of Eq. (B3).
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dVµ = nµdV is the vector volume on Σ(r<) with nµ =
−ξµN−1. dSµν is the directed surface element at the
two-surface by fixing t and r = . One can find that
dSµν = −2εn[µrν]dS. Note that,
1
2
(dξ)µνdS
µν = −ε(dξ)µνnµrνdS
= εN−1rνξµ(∂µξν − ∂νξµ)dS
= −εN−1rνξµ∂νξµdS
= −εN−1rν∂ν(ξµξµ)dS
(∵ ξν = [1, 0, 0, 0]⇒ ∂µξν = 0)
= εN−1∂rN2dS
(B5)
we can find that Komar mass can be expressed as Eq. (18)
Appendix C: Asymptotic behavior near the
singularity
This appendix will show how to analyze the behav-
ior of metric near the singularity. With the forms N =
rptf1(θ, φ) and hAB = r
2pAB h˜AB(θ, φ)(no summation be-
tween 2pAB and h˜AB), the line element (16) becomes,
ds2 = −dr2 + r2ptf21 dt2 + r2pAB h˜ABdxAdxB . (C1)
Let us first show that pAB = p0. For any 2-surface by
fixing t and r, the line element in this closed two surface
is,
ds2(2) = r
2pθθ h˜θθdθ
2 + 2r2pθφ h˜θφdθdφ+ r
2pφφ h˜φφdφ
2
(C2)
If pθθ, pθφ and pφφ are all zeros, line element (C2) de-
scribes a regular closed surface which is topological home-
omorphism to a unit sphere. For the case that any one of
them is nonzero, let’s find the restriction from the topol-
ogy. As when we compute the scalar curvature R(2),
only the derivatives with respect to {θ, φ} are involved,
after some algebras, one can find that the curvature has
following form,
R(2) = 1
h2
[r2(pθθ+pθφ+pφφ)F1(θ, φ) + r
4pθθ+2pθφF2(θ, φ)
+ r4pθθ+2pφφF3(θ, φ) + r
4pθφ+2pθθF4(θ, φ)
+ r4pθφ+2pφφF5(θ, φ) + r
4pφφ+2pθθF6(θ, φ)
+ r4pφφ+2pθφF7(θ, φ) + r
6pθφF8(θ, φ)
(C3)
and,
h = r2(pθθ+pφφ)h˜θθh˜φφ − r4pθφ h˜2θφ. (C4)
Here Fi with i = 1 · · · 8 are smooth functions. As the
2-surface is spacelike, we have h > 0. This means that
pθθ + pφφ ≤ 2pθφ, and when r → 0, we have
h→ r2(pθθ+pφφ)h∗ (C5)
Here h∗ = h˜θθh˜φφ if pθθ +pφφ < 2pθφ and h∗ = h˜θθh˜φφ−
h˜2θφ if pθθ + pφφ = 2pθφ. This shows that,
8pi =
∮
d2x
1
h∗3/2
[r2pθφ−(pθθ+pφφ)F1(θ, φ)
+ rpθθ+2pθφ−3pφφF2(θ, φ) + rpθθ−pφφF3(θ, φ)
+ r4pθφ−pθθ−3pφφF4(θ, φ) + r4pθφ−pφφ−3pθθF5(θ, φ)
+ rpφφ−pθθF6(θ, φ) + rpφφ+2pθφ−3pθθF7(θ, φ)
+ r6pθφ−3(pθθ+pφφ)F8(θ, φ)]
(C6)
It is easy to see that this equation is correct only when
pθθ = pφφ = pθφ = p0. Then line element (C2) becomes,
ds2(2) = r
2p0ds2S2 . (C7)
Here ds2S2 describe a smooth closed 2-surface, which is
topological homeomorphism to a unit sphere. The Eq.
(C7) has included the case pAB = 0. As any smooth
closed surface which is topological homeomorphism to
the unit sphere is conformal to the unit sphere, there is a
coordinate on this 2-surface such that ds2S2 = f2(θ, φ)dΩ
2
with a smooth function f2(θ, φ) and standard line ele-
ment dΩ2 in the unit sphere. Finally, we obtain the line
element shown in Eq. (20).
To find the values of pt and p0, we need to use Ein-
stein’s equation. With a cosmological constant, the vac-
uum Einstein’s equation shows,
Rµν = − 3
`2AdS
δµν (C8)
Now we take the line element (20) into Eq. (C8). As the
line element in Eq. (20) only contains the leading terms
of real metric, two sides of (C8) should match each other
at the leading order. This means that the coefficients of
leading divergent terms in Rµν are zeros. Note that p0
and pt can be the function of r. One can check that,
RrA =
∂Af1
2rf1
[(p′0 − p′t)r ln r + (p0 − pt)] (C9)
Here “′” means the partial derivative with respect to r
and A = θ, φ. Then there are two different cases: p0(r) =
pt(r) or f1(θ, φ) is a constant.
If p0(r) = pt(r) but f1(θ, φ) isn’t a constant, then the
leading term line element is,
ds2 = −dr2 + r2pt [f1(θ, φ)dt2 + f2(θ, φ)dΩ2]. (C10)
One can check that the leading term of Rrr is
3p′0
2
(ln r)2 + 3
(
2p′0p0
r
+ p′′0
)
ln r +
6p′0
r
+
3p0(p0 − 1)
r2
(C11)
The leading divergent term should be canceled by suit-
able choice of p0(r). When r → 0, if |p′0| diverges more
rapidly than 1/r, one can see that the leading divergent
12
term cannot be canceled no matter how to choose func-
tion p0(r). If |p′0| diverges more slowly than 1/r or as the
same order as 1/r, then the leading divergent terms in
the expression (C11) can disappear only when,
p0 = 0 or p0 = 1. (C12)
One easily see that these values of p0 lead to line element
(C10) not having a singularity at r = 0.
If f1(θ, φ) is a constant, then one can use the fact that
Rtt, R
r
r and R
θ
θ are all finite when r → 0 to show that,
the leading divergent terms must be 1/r2 terms and the
coefficients of these terms should be zeros by suitable
choices of pt(r) and p0(r), which means following:
p0(2p0+pt−1) = pt(pt+2p0−1) = p2t−pt+2(p20−p0) = 0
(C13)
These equations show that pt(r) and p0(r) are both con-
stants. There are three group solutions, which are {p0 =
0, pt = 0}, {p0 = 0, pt = 1} and {p0 = 2/3, pt = −1/3}.
Only the last one gives a solution which has singularity at
r = 0. One can check this solution satisfies the Kasner’s
relationships,
2p20 + p
2
t = 2p0 + pt = 1. (C14)
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